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Vectors 
A vector is an ordered list of numbers , as  Z = [2,4,6,8] which called row vector and  

A = 

76

5

3

which called column vector. 

 
Matrices 
A matrix is a set of numbers ordered in rows  and columns vectors, as in the example. Consider 

the 3 3 matrix A 

135512

976

652

Note that the matrix elements in any row are separated by commas, and can also be separated by 
spaces. 
Definition1:-Thesize of a matrix is given by(number of its rows x number of its columns). 
Definition2:-Two matrices A , B  are equal if and only if they are from the same size and the 
symmetric elements are equal , in other words A = B aij = bij  i=1,2,..,m and j=1,2,3, ..,n . 
 
The general form of a matrix from size mxn is written as:- 

A = 

aaa

aaa
aaa
aaa

mnmm

n

n

n

...........

...........

...........

...........

21

33231

22221

11211

 or  A = [aij]   , i=1,2,3, .,m , j=1,2,3, .,n . 

 
Kinds of matrices :- 
 
1)Zero matrix (Null):- all its elements equal zero , denoted by O . 
2)Square matrix is a matrix which its rows equal to its columns .  
3)Lower triangular matrix is a square matrix which all aij = 0  ,  i < j .  
4)Upper triangular matrix is a square matrix which all aij = 0  ,  i > j .  
5)Diagonal  matrix is a square matrix which all aij not lies on main diagonal equal to zero,  
    And may be denoted as diag(a11,a22,a33, .,ann) . 
6)Scalar matrix is a diagonal  matrix  which diag(k,k,k, ..,k) such that k is a constant  
    number . 
7)Identity matrix is a diagonal  matrix  which diag(1,1,1, ..,1) and denoted by I .  
 
Examples:- 

1) A = 

10118

946
8

42

2

5

0

6

is a matrix from size 4 x 3 . 

2) B = 

88945.2

64.3223

6500

45432

  is a square matrix from size 4 . 



Assist. Mohanad N. 

 

 

2 

3) G = 

135512

076

002

   is l0wer triangular matrix from size 3 , and  

       F= 

1300

970

652

      is upper triangular matrix from size 3 . 

4)   D= 

6000

0800

0090

0004

 is a diagonal matrix from size 4 . 

5)  S = 

4000

0400

0040

0004

 is a scalar matrix from size 4 . 

6)   I =  

1

0

0

1

0

0

0

0

0

0
00100

00010

00001

 is Identity matrix from size 5 . 

Operations on matrices :-  
 
@1)Addition of matrices :- If two matrices A and B are from the same size, their (element-by-
element) sum is obtained by typing A + B = C = [cij] , such that  cij = aij + bij,  i , j . 
Likewise, the difference of A and B represents by A  B= D =[aij - bij]  ,  i , j . 

Example :- If  A = 

18
0

5

7

6
and B = 

714
3

5

8

2
, then A + B =

822
3

10

15

8
  . 

A  B =  

66
3

0

1

4
  ,   B  A =  

66
3

0

1

4
 . 

 
We can also add a scalar (a single number) to a matrix; A + c adds c to eachelement in A. 
Likewise, A - c subtracts the number c from eachelementof A , and cAmultiply c by each element 
of A . 
 

Example:-  A + 2 = 

310
2

7

9

8
  ,  B  4 = 

310
1

1

4

2
  ,  5A = 

540
0

25

35

30
 . 

 
Properties of matrices :-  
For any matrices A , B , C , Zero matrix O from the same size ,and scalar numbers h , k :-  
1) A + B = B + A . 
2) A + (B + C) = (A + B) + C . 
3) A + O = O + A = A . 
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4) A  A = O . 
5) h(A + B) = hA + hB .       
6) (h + k)A = hA + kA . 
7) (hk)A = h(Ka) . 
8) 1A = A , 0A = O . 
@2) Multiplication of matrices :- 
If A and B are multiplicatively compatible (that is, if A is n m and B is m p), then their product 

A*B is n . Recall that the element of A*B in theithrow and jth column is the sum of the products 

of the elements from theithrow of A times the elements from the jthcolumn of B, that is, 

(A B)ij AikBkj 1 i n 1 j . 

Example :- 

If A = 

742

650

531

 , B = 

1426

18112

3025

 , find AB  ,  BA if possible . 

Solution:- 

a11 =[1   3   -5] 

6

2

5

 = 1*5+3*2+(-5)*6 = -19 , a12 =[1   3   -5] 

2

11

2

 = 1*2+3*11+(-5)*(-2) = 45,  

a13 =[1   3   -5] 

4

8

0

 = 1*0+3*8+(-5)*4 = 4    , a14 =[1   3   -5] 

1

1

3

 = 1*3+3*1+(-5)*(-1) = 11, 

 

a21 =[0   5   6] 

6

2

5

 = 0*5+5*2+6*6 = 46 , a22 =[0 5 6] 

2

11

2

 = 0*2+5*11+6*(-2) = 43 ,  

a23 = [0 5 6] 

4

8

0

 = 0*0+5*8+6*4 =6 4    , a24 =[0 5 6] 

1

1

3

 = 0*3+5*1+6*(-1) = -1, 

 

a31 =[2   -4   7] 

6

2

5

 = 2*5+(-4)*2+7*6 = 42 , a32 =[2   -4   7]

2

11

2

 = 2*2+(-4)*11+7*(-2) = -54, 

a33 =[2   -4   7] 

4

8

0

 = 2*0+(-4)*8+7*4 =- 4    , a34 =[2   -4   7] 

1

1

3

 = 2*3+(-4)*1+7*(-1) = -5, 

 
 

AB =

545442

1644346

1144519

 

BA  is not possible because number of columns of B not equal to rows of A . 
Proposition  

1) If A is a square matrix from size n ,   then AIn = InA = A . 
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2) If A(mxn)  , B(nxp)  ,  C(pxq)  , then      A(BC) = (AB)C .  
Definition Let A  is a matrix from size nxm , then the transpose of A is a matrix from size 
mxn denoted by AT by changing rows with columns . 
 
Example :- 

If A = 

742

650

531

, B = 

1426

18112

3025

 , find AT  ,  BT . 

AT =     

765

453

201

 ,  BT = 

1

4

1

8

3

0
2112

625

 

 
 
Proposition  

1) If  A , B two matrices from the same size then :-   11) (AT)T = A  , 12) (A+B)T = AT + BT 
2) If  A (mxn) , B(nxp) then    (AB)T = BTAT . 

 
Example:- 

Verify the proposition above for the matrices  A = 
54

32
 , B = 

70

69
 . 

Definition:-  
1)The square matrix A is called symmetric matrix if  AT  = A , in other words  aij = aji  ,  i  j . 
2)The square matrix A is called skew-symmetric matrix if  AT  = -A , in other words  a ij = -aji  ,

 i  j  and the elements of main diagonal = 0 . 
Examples:-  

  A =    

765

653

531

 is a symmetric matrix . 

  F = 

06512

6507

1270

  is a skew-symmetric matrix . 

 
Definition:- A square matrix   A  from size n is called (orthogonal matrix) if AAT =ATA = In . 

Question :- Prove that A = 

2
1

2
3

2
3

2
1

 is  an orthogonal matrix ? 

Definition:-Let A  is a square matrix of size n , then the matrix B is called the invers matrix of 
A  if and only if AB = BA = In  denoted by A-1. 
Notes  

 Not for every square matrix an inverse . 
 If   A  is an orthogonal matrix , then   AT = A-1 . 
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 IfA is a diagonal matrix such that   D  =  

d

c

b

a

000

000

000

000

 ,    then  

A-1 = 

d
c

b

a

1000

0100

0010

0001

 . 

Question :- If  A = 

212
30

23210

001

   orthogonal matrix  , find  A-1 ? 

 
 

Proposition  
If A ,B are two square matrices of size n  and they have inverse for them ,then (AB)-1= B-1A-1 . 
 
Proof :-  (AB).(B-1A-1) = A(BB-1)A-1 =AA-1  = In     
              (B-1A-1).(AB) = B-1(A-1A)B  = B-1B = In     

  (AB)-1= B-1A-1 .  
Question :- Prove that  (AT)-1 = (A-1)T  , if A  is a square matrix and has an inverse ? 
Definition:-For any  square matrix   A  from size n there exist 0nly one number called the 

determinant of the matrix denoted by   A  . 

Examples:-  
 

aa
aa

2221

1211   is a determinant from size 2 and its value =  aaaa 12212211
.  . 

 

aaa
aaa
aaa

333231

232221

131211

 is a determinant from size 3 and its value calculate as in the below :- 

 

aaa
aaa
aaa

333231

232221

131211

a
a
a

a
a
a

32

22

12

31

21

11

    = [main diagonals  secondary diagonals] =  

 
 
 
[a11.a22.a33+a12.a23.a31+a13.a21.a32 ]  [a13.a22.a31+a11.a23.a32+a12.a21.a33 ]. 
 

Definition :- The minor of A  is a determinant from A after subtracting equal number from 

rows and columns of A  . 
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The minor of a11 = M 11
 = 

aa
aa

3332

2322 and the minor of a32 = M 32
 = 

aa
aa

2321

1311  

Definition :- The cofactor of the element  aij = (-1)i+j . M ij
 denoted by   AIJ . 

Proposition  
The value of any determinant equal to sum of multiplication elements of any rows(columns) 
by its cofactors . 

Such that A  = ai1Ai1+ai2Ai2+ai3A ainAin               OR       

                       = a1jA1j+a2jA2j+a3jA anjAnj           

Example :- Find the value of  

2903

7005

0302

2941

 

 
Proposition 

If   A  is a square matrix  and A -1 = AijA

T

.
1

. 

Example:- Find A-1  of  

121

111

112

,        

2903

7005

0302

2941

 

 
Solving the system of linear equations by matrices 
 
If we have the system of linear equations as below:- 
a11x1+a12x2+a13x3 1nxn = b1 
a21x1+a22x2+a23x3 2nxn = b2 
a31x1+a32x2+a33x3 3nxn = b3 

 
 
 

am1x1+am2x2+am3x3 mnxn = bm 

Then  A = 

aaa

aaa
aaa
aaa

mnmm

n

n

n

...........

...........

...........

...........

21

33231

22221

11211

   , X = 

x

x
x
x

n

.

.
3

2

1

    ,       B = 

b

b
b
b

m

.

.
3

2

1

 

 The solution to the system above is    X = A-1.B  
Example :-  
Solve the system of linear equations:- 
2x+y=z 
z-y+x=6 
x+2y+z-3 =0 
 
The solution 
First :- we must arrange the equations as :- 
2x+y-z=0 
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x-y+z=6 
x+2y+z=3 
 

A = 

121

111

112

   ,  X = 

z

y

x

         ,    B = 

3

6

0

 

2

1

1

1

1

2

121

111

112

A   = -  

A11 = 
12

11
 = -3    ,  A12 = -1

11

11
 = 0   ,  A13 =

21

11
 = 3  

A21 = -1
12

11
 = -3  ,  A22= 

11

12
 = 3   ,   A23 = -1

21

12
 = -3  

A31 = 
11

11
 = 0  ,  A32 = -1

11

12
 = -3  ,  A33 = 

1

12
 = -3   

 
 

[Aij] = 

330

333

303

      ,   [Aij]T = 

333

330

033

 ,  

  A-1 = 
9

1

333

330

033

 

 X = 
3

1

111

110

011

3

6

0

 = 

3

1

2

 

 
Questions 

1)If A = 

276

543

021

,B =

001

165

1209

  , Find (1) 2A  3B  , (2) I3 + 4B - 3B    

 (3) AB  , BA  , what do you notice ? 

2) Write the matrix   A from size 3x4 such that   A = 

j >,

,3

j <,7

iij

ji

i

 

3) Find the value of x , y , z , t  if  
tz

x

23

13
  - 2

tz

yx

23
   =  3

zyx

yx

2

1
 

4) If A = 

532

231

142

  ,  B = 

21

16

11

 , find the matrix    X  which satisfy   AX = B . 
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5) If  A   = 

21230
2

3
2

10

001

   is orthogonal matrix  , find  A-1 . 

6) Write a symmetric  matrix    from size   4 . 
7) Write a skew-symmetric  matrix    from size   5 . 

8)  Is there exist an inverse matrix for   A = 
00

12
 ? 

9) S0lve the  following system of linear equations:- 
                   2x1  4x2  x3 = 2 
       (1)            3x2 - 2x3 + x1  = 0 
                   -6 + 3x1 = 2x2 +3x3 
 
                  10x3 + 6x2  = 9  3x1 
       (2)        x1 + x2 = 4  x3 
                   3x2 + 2x1 + 4x3 = 0 
 

10) Find the value of  

2010

0020

0582

1654

 

11) If A = 

5811

040

122

  ,  B = 

310
2

7

9

8
  ,  C = 

124
4

90

2

0
 , Is A .( B + C ) = A.B + A.C ? 

12) Full the following statements with suitable words :- 
 

b)  
 
 
. 
 

g) IF  the matrix A = -AT   
h) If  AB = BA = In   
t) The minor to  aijof the determinant A is  
k) The cofactor of the element aij  

13) For the matrices A = 

5811

040

122

 ,  B = 

121

111

112

  ,  C = 

765

453

201

 

      Verify the following :- 
1- A + B = B + A  
2- A + (B + C) = (A + B) + C 
3- A + O = O + A = A 
4- C  C = O 
5- (BT)T  = B  
6- AI3 = I3A = A 
7- A(BC) = (AB)C 
8- (B + C)T = BT + CT 


